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Hopf Algebras and Topological Recursion
JOÃO N. ESTEVES
CAMGSD, Departamento de Matemática, Instituto Superior Técnico,
Av. Rovisco Pais 1, 1049-001 Lisboa, Portugal
Abstract. We first review our previous work where we considered
a model for topological recursion based on the Hopf Algebra of
planar binary trees of Loday and Ronco and showed that extending
this Hopf Algebra by identifying pairs of nearest neighbor leaves
and thus producing graphs with loops we obtain the full recursion
formula of Eynard and Orantin. Then we discuss the algebraic
structure of the spaces of correlation functions in g = 0 and in
g > 0. By taking a classical and a quantum product respectively
we endow both spaces with a ring structure.
This is an extended version of the contributed talk given at
the 2016 von Neumann Symposium on Topological Recursion and
its Influence in Analysis, Geometry and Topology, from 4 to 8 July
2016 at Hilton Charlotte University Place, USA.
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1. Introduction
In the paper [10] we showed how the Hopf Algebra of planar binary
trees of Loday and Ronco [14] can be seen as a sort of representation
E-mail address: joao.n.esteves@tecnico.ulisboa.pt.
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1In this section we will ommit most proofs that can be found in [10].
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Figure 1.1. Planar binary trees of order 3 as generators
of the correlation functions W 05 ,W
1
3 and W
2
1 with χ =
−3. Reprinted with permission from [10].
of the space generated by correlation functions that obey the Eynard-
Orantin recursion formula. These correlation functions are graded by
the Euler characteristic and we can consider for each degree the vector
space over a field k of characteristic 0 generated by them and then
take the direct sum of these vector spaces for all degrees. Here we will
discus, among other things and after reviewing the work in [10] if this
vector space can be given additional algebraic structures.
First we consider planar binary trees of order n, that is with n
vertices’s and n+1 leaves, as a representation of genus g = 0 correlation
function W 0k (p, p1, . . . , pk−1) of Euler characteristic χ = 2 − 2g − k
equal to −n. Here the Euler characteristic is the one of Riemann or
topological surfaces of genus g and k punctures or borders to which
the correlation functionsW gk (p, p1, . . . , pk−1) are usually related in some
concrete problems. For g = 0 we label the root with p and the n + 1
leaves with the p1, . . . , pn+1 variables. Then by connecting the nearest
neighbors leaves with a single edge and reducing the number of pairs
of labels in the same way as increasing the genus we obtain graphs
with loops that we see as a representation of higher genus correlation
functions with the same Euler characteristic.
As an example take W 21 (p) which has χ = −3. Its underline gen-
erating trees are planar binary trees of order 3 which are also models
for W 05 (p, p1, p2, p3, p4): Identifying pairs of nearest neighbor leaves in
the left and right branches independently we get the second term of
topological recursion. Identifying pairs of leaves each taken from the
left and the right branches gives the first term. Note that in this case
not every planar binary tree of order 3 gives W 21 . In fact the first tree
of fig. 1.1 does not give a genus 2 correlation function by identifying
the nearest neighbor leaves in opposite branches.
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2. The topological recursion of Eynard and Orantin
The topological recursion formula of Eynard and Orantin has its
origin in Matrix Models, for general reviews see for instance [8, 11]. In
the hermitian 1-matrix form of the theory the purpose is to compute
connected correlation functions Wk+1 depending on a set of variables
p, p1, . . . , pk
(1) Wk+1(p, p1, . . . pk) =
〈
Tr
1
p−M
Tr
1
p1 −M
. . .Tr
1
pk −M
〉
c
starting with W1(p) and W2(p, p1). These functions which are solu-
tions of the so-called loop equations are only well defined over Rie-
mann surfaces because in C they are multi-valued. They admit an
expansion on the order N of the random matrix M , with components
W gk+1(p, p1, . . . pk) related to a definite genus. We will not be concerned
here with the actual computation of correlation functions in specific
models.
Let K = (p1, . . . , pk) be a vector of variables. For instance in con-
crete cases these can be coordinates of punctures on Riemann surfaces,
labels of borders on topological surfaces or variables in Matrix Models,
but we just leave them as labels of leaves of planar binary trees or of
graphs obtained from planar binary trees. We assign the label p to
the root of a tree or of a graph with loops obtained from a tree. The
topological recursion formula is
W gk+1(p,K) =
∑
branch points α
Resp→αKp(q, q¯)
(
W g−1k+2 (q, q¯, K) +
g∑
L∪M=K,h=0
W h|L|+1(q, L)W
g−h
|M |+1(q¯,M)
)
(2)
where the sum is restricted to terms with Euler characteristic equal
or smaller than 0. For instance if h = 0 then |L| ≥ 1. For a very
clear exposition about this setup from the point of view of Algebraic
Geometry see for instance [9] but some comments are in order. The
branch points are the ones from a meromorphic function x defined on
a so called spectral curve E(x, y) = 0. The recursion kernel Kp(q, q¯)
is, roughly speaking, a meromorphic (1,1) tensor that depends on a
regular point p in the neighbourhood of a branch point and on q and
its conjugated point q¯ for which x(q) = x(q¯) and y(q) = −y(q¯). In
fact it can be computed from W 01 (p) and W
0
2 (p, p) which are symmet-
ric differentials of order one and two respectively. Actually, all W gk are
meromorphic symmetric differentials but we will continue to refer to
them as correlation functions. Since our approach will be purely alge-
braic and in order to soften the notation we will not explicitly mention
the sum of the residues over the branch points when referring to this
formula.
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3. The Loday-Ronco Hopf Algebra of planar binary trees
We collect here some important facts of the Loday-Ronco Hopf al-
gebra. Details and proofs can be found in [1, 14]. Let Sn be the
symmetric group of order n with the usual product ρ · σ given by the
composition of permutations. When necessary we denote a permuta-
tion ρ by its image (ρ(1)ρ(2) . . . ρ(n)). Recall that a shuffle ρ(p, q) of
type (p, q) in Sn is a permutation such that ρ(1) < ρ(2) < · · · < ρ(p)
and ρ(p + 1) < ρ(p + 2) < · · · < ρ(p + q). For instance the shuffles of
type (1, 2) in S3 are (123), (213) and (312). We denote the set of (p, q)
shuffles by S(p, q). Take
(3) k[S∞] = ⊕∞n=0k[Sn]
with S0 identified with the empty permutation. k[S∞] is a vector space
over a field k of characteristic 0 generated by linear combinations of
permutations. It is graded by the order of permutations and k[S0]
which contains the empty permutation is identified with the field k.
For two permutations ρ ∈ Sp and σ ∈ Sq there is a natural product on
S∞ denoted by ρ× σ which is a permutation on Sp+q given by letting
ρ acting on the first p variables and σ acting on the last q variables.
There is a unique decomposition of any permutation σ ∈ Sn in two
permutations σi ∈ Si and σ′n−i ∈ Sn−i for each i such that
(4) σ = (σi × σ′n−i) · w
−1
where w is a shuffle of type (i, n− i). With the ∗ product
(5) ρ ∗ σ =
∑
αn,m∈S(n,m)
αn,m · (ρ× σ)
and the co-product
(6) ∆σ =
∑
σi ⊗ σ
′
n−i
k[S∞] becomes a bi-algebra and since it is graded and connected it is
automatically a Hopf Algebra.
A planar binary tree is a graph with no loops embedded in the
plane with only trivalent vertices. In every planar binary tree there
are paths that start on a special edge called the root and end on the
terminal edges called leaves. The leaves can be left or right oriented.
The order |t| of a planar binary tree t is the number of its vertices and
on each planar binary tree of order n there are n+1 leaves that usually
are numbered from 0 to n from left to right. It is frequent to visualize
planar binary trees from the bottom to the top, with the root as its
lowest vertical edge and the leaves as the highest edges, oriented SW-
NE or SE-NW. We will denote the set of planar binary trees of order
n by Y n and by k[Y ∞] the vector space over k generated by planar
binary trees of all orders. Additionally a planar binary tree with levels
is a planar binary tree such that on each horizontal line there is at most
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Figure 3.1. A planar binary tree of order 3. Reprinted
with permission from [10].
1
2
3
Figure 3.2. Planar binary tree with levels that is the
image of (132). Reprinted with permission from [10].
1 = (1) =
Figure 3.3. The identity and the generator in k[Y ∞].
Reprinted with permission from [10].
one vertex. It is clear that reading the vertices from left to right and
from top to bottom it is possible to assign a permutation of order n
to a planar binary tree with levels and that this assignment is unique.
For example in fig. 3.2 the tree corresponds to the permutation (132).
In this way it is completely equivalent to consider the Hopf algebra
k[S∞] or the Hopf algebra of planar binary trees with levels because
they are isomorphic. However Loday and Ronco show in [14] that the ∗
product and the co-product are internal on the algebra of planar binary
trees which is then isomorphic to a sub-Hopf algebra of k[S∞] with
the same product and co-product. The identity of the Hopf Algebra
k[Y ∞] is the tree with a single edge and no vertices, following the
convention of considering only internal vertices, which represents the
empty permutation, and the trivial permutation of S1 is represented
by the tree with one vertex and two leaves, see fig 3.3. In fact this
element is the generator of the augmented algebra by the ∗ product.
See fig. (3.4) for an example of an order 3 product.
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∗ ∗ =
+ +
+ + +
Figure 3.4. (1) ∗ (1) ∗ (1) = (123) + (321) + (312) +
(132) + (231) + (213) computed in k[S∞]. Note that
in k[Y ∞] the fourth and the fifth trees are the same.
Reprinted with permission from [10].
The grafting t1 ∨ t2 of two trees t1 and t2 is the operation of pro-
ducing a new tree t by inserting t1 on the left and t2 on the right leaves
of (1). It is clear that any tree of order n can be written as t1∨ t2 with
t1 of order p, t2 of order q and n = p + q + 1. If a tree has only leaves
on the right branch besides the first leaf then it can be written as | ∨ t2
and reciprocally if it has only leaves on the left branch besides the last
leaf. Note that in particular (1) = | ∨ |.
We can give an explicit expression for the correspondence between
a permutation σ ∈ Sn and a planar binay tree t ∈ Y n. A known
notion in combinatorics is the standard permutation associated with
a set of different positive integers: say that we have a sequence of
n positive integers a = (a1, a2 . . . an) all distinct. The standard per-
mutation std(a) is the n−permutation that has the same ordering of
the integers as the sequence a. For instance, for a = (10, 5, 6), we
have that std(a) = (312). It is also possible to generalize it to se-
quences of repeated positive integers, but we will not need it. To
compute the tree t start by identifiyng the position of n on a per-
mutation σ ∈ Sn, i = σ−1(n). Then do the standard permutations
std(σ(1)σ(2) . . . σ(i−1)) and std(σ(i+1)σ(i+2) . . . σ(n)). Finally the
tree t will be grafting of the two trees that correspond to the two stan-
dard permutations. Obviously this is a recursive procedure, starting
with | for the empty permutation and for the single permutation (1).
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To give a concrete example, take the perumutation (312). The left
of 3 is the empty permutation which corresponds to |. The right of 3
is the permutation (12) which by this iteration procedure can easly be
seen to correspond to ∨ |. In this way we get the third tree on the
right of the equation of fig. 3.4.
In [14] Loday and Ronco show that the ∗ product restricted to
planar binary trees satisfies the identity
(7) t ∗ t′ = t1 ∨ (t2 ∗ t′) + (t ∗ t
′
1) ∨ t
′
2
and
(8) t ∗ | = | ∗ t = t
with t = t1 ∨ t2 and t′ = t
′
1 ∨ t
′
2.
If t1 is a tree of order p and a representative element of W 0p+2(p, L)
and t2 is a tree of order q and a representative element of W 0q+2(p,M)
then t = t1 ∨ t2 is a tree of order n = p + q + 1 and a representative
element of
W 0n+2(p,K) = Kp(q, q¯)W
0
p+2(q, L)W
0
q+2(q¯,M).
with K = {p1, . . . , pn+1} = L∪M . We will clarify this in what follows.
4. The solution of topological recursion2
4.1. Genus 0. The existence of a representation map ψ from the
vector space of correlation functions of genus g to the vector space
of graphs with loops was suggested in [10] such that in particular
to a correlation function W 0n+2(p, p1, . . . , pn+1) of Euler characteris-
tic χ = −n and genus 0 would correspond the trees of order n. In
fact the way that map was defined implied that the representation of
W 0n+2(p, p1, . . . , pn+1) is the sum of all trees of order n. In what fol-
lows, in particular in section ??, we will see that the map ψ allows to
give a ring structure to the space of correlation functions that obey
the Eynard-Orantin formula, with an identity that will be given by
the cylinder, W 02 (p, p1). In fact it is a consequence of the axioms of
topological quantum field theory as stated by Atiyah for example in
[2] that the cylinder Σ × I, where Σ is a topological surface without
border and I is a interval of real numbers, may be identified with the
identity map in a vector space.
Definition 1. Consider the planar binary tree with one vertex (1).
The 3-point correlation function W 03 (p, p1, p2) is represented by the sum
of two planar binary trees with one vertex, obtained by the permutation
of the leaf labels p1 and p2:
(9) ψ
(
W 03 (p, p1, p2)
)
=
∑
perm. of leaf labels {p1, p2}
(1)
2In this section we will ommit most proofs that can be found in [10].
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The trees that represent W 03 (p, p1, p2) are given by the permuta-
tions of the leaf labels of | ∨ |. Then it is natural to represent the
operation of grafting two trees by the insertion of the recursion kernel
Kp(q, q¯) on its roots. Therefore the symbol has two meanings. When
isolated it represents W 03 (p, p1, p2) because the two cylinders W
0
2 (q, p1)
and W 02 (q¯, p2) are implicitly identified with its leaves. When it is an
internal vertex of a more complex tree it is the recursion kernel Kp(q, q¯)
with suitable labels of its variables.
Definition 1′. The propagator or cylinder (also named Bergman
kernel in the literature) W 02 (q, q¯) is represented through ψ by the empty
permutation | and the recursion kernel is represented through ψ by
when in an internal vertex of some tree. Then each planar binary
tree of order n is a representation of an instance of some correlation
function in genus 0 with each vertex identified with a recursion kernel
and each left leaf identified with the cylinder W 02 (qi, pj) or each right
leaf identified with the cylinder W 02 (q¯i, pk). Finally the image under ψ
of a correlation function W 0n+2(p, p1, . . . , pn+1) with χ = −n is the sum
of all planar binary trees of order n considering all permutations of
their leaf labels and with the identifications mentioned above,
(10) ψ
(
W 0n+2(p, p1, . . . , pn+1)
)
=
∑
ti∈Y n
perm. of leaf labels {p1, . . . , pn+1}
ti.
Hence Definition 1 becomes the following example:
Example 1. Consider the planar binary tree with one vertex. The
3-point correlation function W 03 (p, p1, p2) is represented by the sum of
two planar binary trees with one vertex, obtained by the permutation
of the leaf labels p1 and p2.
ψ
(
W 03 (p, p1, p2)
)
= ψ
(
Kp(q, q¯)W
0
2 (q, p1)W
0
2 (q¯, p2)
)
+ perm. of {p1, p2}
=
∑
perm. of {p1, p2}
| ∨ |
=
∑
perm. of {p1, p2}
(1)(11)
Proposition 1. If W 0n+2(p, p1, . . . , pn+1) is a correlation function
with Euler characteristic χ = −n that is a solution of (2) then we have
ψ
(
W 0n+2(p, p1, . . . , pn+1)
)
=
∑
p+q+1=n
|t1|=p,|t2|=q
t1 ∨ t2
+ perm. of leaf labels {p1, . . . , pn+1}(12)
Proof. This is the topological recursion in genus 0 written with
planar binary trees. For n = 1 this is the example 1. For n arbitrary
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by Definition 1′
(13) ψ
(
W 0n+2(p, p1, . . . , pn+1)
)
=
∑
t∈Y n
perm. of leaf labels {p1, . . . , pn+1}
t
Decompose uniquely any t of order n into t = t1 ∨ t2 of orders |t1| = p
and |t2| = q with p+ q + 1 = n to get
(14) ψ
(
W 0n+2(p, p1, . . . , pn+1)
)
=
∑
t1∈Y p,t2∈Y q,p+q+1=n
perm. of leaf labels {p1, . . . , pn+1}
t1 ∨ t2.
Then t1 and t2 are on the image by ψ of Wp+2 and Wq+2 for p and q
varying from 0 to n − 1 and constrained by p + q + 1 = n. Since the
operation of grafting two trees is represented by attaching the recursion
kernel to its roots then, summing for all t1 ∈ Y p, t2 ∈ Y q and for
p+ q + 1 = n, we get the topological recursion formula for g = 0 after
taking the preimage of (14) by ψ:
W 0n+2(p, p1, . . . , pn+1) =
Kp(q, q¯)
∑
L∪M={p1,...,pn+1},
|L|=p+1,|M |=q+1
W 0|L|+1(q, L)W
0
|M |+1(q¯,M).(15)

Remark 1. Note that by W 0n+2(p,K) with |K| = n + 1 we under-
stand all instances of the correlation function with g = 0 and n + 2
labels. This is similar to the situation in High Energy Physics where
for the same physical process described by a scattering amplitude there
are several Feynman diagrams that contribute.
It is well known that the dimension of the vector space generated by
planar binary trees of order n is given by the Catalan number (see for
instance [13])
cn =
2n!
n!(n + 1)n!
.
It is also known that correlation functions in Matrix Models have a
large N or planar expansion that is given in terms of Catalan numbers.
Therefore it is of no surprise that there exists a correspondence between
planar binary trees and correlation functions of genus 0.
Theorem 1. The n-order solution W 0n+2(p1, . . . , pn+1) of the topo-
logical recursion in genus 0 is represented by the linear combination∑
t = (1) ∗ (1) ∗ · · · ∗ (1)
with n factors of (1) followed by the sum over all permutations of its
labels.
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In this way W 0n+2(p, p1, . . . , pn+1) is represented by
∑
t followed
by the identification of cylinders W 02 (qi, pj) with the left leaves or
W 02 (q¯i, pk) with the right leaves and finally by summing over all per-
mutations of the labels p1, p2, . . . , pn+1. In other words, the ∗ product
(1) ∗ (1) ∗ · · · ∗ (1) gives all possible insertions of recursion kernels of
W 0n+2.
4.2. Genus higher than 0. The procedure of attaching an edge
to two consecutive leaves and producing a graph with loops allows to
represent correlations functions with genus g > 0. This is equivalent
to extract the outermost cylinders W 02 (x, pj),W
0
2 (y, pj+1), x = qi or
q¯i, y = q¯j or qj and to couple a cylinder W 02 (x, y) to two recursion
kernels Kql(qi, q¯i) andKqm(qj , q¯j), for some convenient choice of indices,
that are identified with two internal vertices. This procedure does not
change the Euler characteristic of the associated correlation functions
because the number of pairs of leaf labels is reduced exactly as the
genus is increased. For instance with this procedure we can make the
sequence
(16) W 05 (p, p1, . . . p4) −→W
1
3 (p, p1, p2) −→W
2
1 (p)
and remain in the same graded vector space that contains k[Y 3]. How
this changes the Hopf algebra structure is not yet clear. For now, we
define the operation i ↔i+1 on a planar binary tree.
Definition 2. Starting with a planar binary tree of order n and
n+2 labels (including the root label p) the operation i ↔i+1 consists in
erasing the labels of the leaves i and i+ 1 then connecting them by an
edge and finally relabeling the remaining leaves, now numbered j with
j = 0, . . . , n − 2, with the pj+1 labels, producing in this way a graph
with one loop.
Therefore we represent a correlation function W gk (p, p1, . . . , pk−1)
of genus g by graphs with loops tg that are obtained by successive
applications of the i ↔i+1 operation. We denote by (Y n)
g the set of
different graphs with g loops that are obtained from trees t ∈ Y n.
Definition 3. A correlation function W gk (p, p1, . . . , pk−1) of genus
g and Euler characteristic χ = 2 − 2g − k is represented by a sum of
all different graphs with loops tg ∈ (Y n)g for n = −χ:
(17) ψ (W gk (p, p1, . . . , pk−1)) =
∑
tg∈(Y n)g
tg
Remark 2. Two graphs (t)g, (t′)g ∈ (Y n)g are considered different
in the obvious way. Either the underlying binary trees t, t′ ∈ Y n are
distinct as base elements of k[Y ∞] or the tree t has a pair of leaves, say
(i, i + 1) that are identified with an edge in (t)g producing a loop and
are free in (t′)g (and reciprocally because the two graphs have the same
genus).
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In particular W 11 (p) is represented by a single graph with one loop
denoted (1)1 whose underlying planar binary tree is (1). More generally
we have
Proposition 2. The second summand of the topological recursion
formula for the correlation function W 1n(p, p1, . . . , pn−1) with χ = −n
is represented by the sum
(18)
∑
(t1)1∈(Y p)
1,t2∈Y q
p+q+1=n
(t1)
1 ∨ t2 +
∑
t1∈Y p,(t2)1∈(Y q)
1
p+q+1=n
t1 ∨ (t2)
1
where each underlying planar binary tree t of order n is decomposed as
t = t1 ∨ t2, with |t1| = p, |t2| = q, p+ q + 1 = n.
Now we consider the first term in topological recursion which for
W 1n(p, p1, . . . , pn−1) is
(19) Kp(q, q¯)W 0n+1(q, q¯, p1, . . . , pn−1).
We start by a definition:
Definition 4. The ungrafting operation ∨ is defined by removing
from t the tree (1) that contains the root producing a forest with two
trees t1 and t2. When t represents an instance of a correlation function
then the roots of t1 and t2 are labeled by q and q¯ and as before the tree
(1) represents Kp(q, q¯).
Remark 3. The operations ∨ and ∨ are similar to the operations
B+ and B− of the Connes-Kreimer Hopf Algebra described, for in-
stance, in [7].
If we start with the planar binary tree t ∈ Y n with leaves labels
p1, . . . , pn+1 and root label p and identify two nearest neighbor leaves
in opposite branches then we get a 1-loop graph t1 ∈ (Y n)1 with a
relabeling p1, . . . , pn−1. Then, by applying ∨, we get another tree t′
with two more edges with labels q and q¯ besides the leaves labelled by
p1, . . . , pn−1. This tree is isomorphic as a graph to a planar binary tree
in Y n−1 that we denote also t′ by promoting the edge with the label q
to the root and the other edge to the rightmost leaf, see fig 4.1 for an
example with W 13 (p, p1, p2). In this way we get a representation of (19)
by summing over all planar binary trees t′ ∈ Y n−1.
In [10] we prove the following proposition
Proposition 3. The representation of the first term of the topo-
logical recursion formula for W 1n(p, p1, . . . , pn−1) is given by the identi-
fication of leaves on opposite branches of the decomposition t = t1 ∨ t2
with t ∈ Y n, t1 ∈ Y
p, t2 ∈ Y
q, p+ q + 1 = n:
(20) ψ
(
Kp(q, q¯)W
0
n+1(q, q¯, p1, . . . , pn−1)
)
=
∑
t1∈Y p,t2∈Y q
p+q+1=n
t1
⌢∨ t2
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q q¯
q q¯
p
p1 p2
−→
p
q q¯ q
p1 p2 q¯
Figure 4.1. Ungrafting a 1-loop graph of W 13 (p, p1, p2).
The resulting tree is (21). Reprinted with permission
from [10].
The obvious notation ⌢∨ means that two consecutive leaves in
opposite branches are identified.
Therefore we have exhausted all possibilities of obtaining 1-loop
graphs from planar binary trees of order n and the two previous propo-
sitions imply the following theorem:
Theorem 2. The n order solution W 1n(p, p1, . . . , pn−1) of the topo-
logical recursion in genus 1 is given by (1)∗(1)∗· · ·∗(1), with n factors,
followed the identification of pairs of nearest neighbor leaves producing
1-loop graphs and finally by summing over all permutations of leaves
labels p1, p2, . . . , pn−1:
ψ
(
W 1n(p, p1, . . . , pn−1)
)
=
∑
perm. of {p1,...,pn−1}
n−1∑
i=0
i ↔i+1 ((1) ∗ (1) ∗ · · · ∗ (1))(21)
Next we proved in [10] a simple lemma regarding symmetric graphs
as in fig. 4.2. Note that the resulting ungrafted graphs have the left-
right order of the right branch of the original graph exchanged:
Lemma 1. If a graph that enters in the representation of the cor-
relation function W 2g+1k+1 (p,K) has nearest neighbor leaves identified in
different branches and is symmetric with respect to the vertical axis
that passes through the root then it has a weight factor of 2, that is, it
appears two times in the complete graph representation of W 2g+1k+1 (p,K).
Example 2. See fig. 4.3 for the graph representation ofW 13 (p, p1, p2)
with a graph of weight 2.
A simple but important fact is that i ↔i+1 acts as a derivation
when applied independently to the left and right branches of a tree
t = t1 ∨ t2. This is apparent in Proposition 2. However when summing
over all graphs we must take care with overcounting. If we start with
t1 = (t1)
1 ∨ t2 + t1 ∨ (t2)
1 with |t| = n, |t1| = p, |t2| = q, p + q + 1 = n
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tg t
g
−→
q q¯
p
+
q¯ t
g
t
g tg tg q¯
q q
Figure 4.2. A symmetric 2g + 1-loop graph with tg a
g−loop graph. The graph tg is the reflection of tg on
the vertical axis that passes through the root. After the
ungrafting operation the first graph is obtained by ex-
changing q and q¯ on the original graph. Reprinted with
permission from [10].
and apply i ↔i+1 to the two branches independently and sum over all
different graphs we get
n−1∑
i=0
(i ↔i+1)same branches

 ∑
(t1)1∈(Y p)1,t2∈Y q
p+q+1=n
(t1)
1 ∨ t2
+
∑
t1∈Y p,(t2)1∈(Y q)1
p+q+1=n
t1 ∨ (t2)
1

 =
∑
(t1)2∈(Y p)2,t2∈Y q
p+q+1=n
2(t1)
2 ∨ t2 +
∑
(t1)1∈(Y p)1,(t2)1∈(Y q)1
p+q+1=n
2(t1)
1 ∨ (t2)
1
+
∑
t1∈Y p,t2∈Y q,(t2)2∈(Y q)2
p+q+1=n
2t1 ∨ (t2)
2,(22)
whenever the operation is well defined3. The reasoning for the 2 factors
is the double counting of identical graphs. For instance if (t1)1 has a
loop starting at leaf 2 and (t1)2 was obtained by producing a second
loop starting at leaf 0, then this (t1)2 is identical to the 2-loop graph
that was obtained by producing a second loop at leaf 2 in (t1)1 that
had already a loop starting at leaf 0.
3The operation is not well defined if there is only one leaf available before
and/or after a certain loop or if there are no more leaves to contract. In this case
we set to 0 the result of acting with i ↔i+1.
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+ +
+ +
+ +
+ +
+ +
+2 +
+ perm. of {p1, p2}
Figure 4.3. W 13 (p, p1, p2). The root label p and the leaf
labels {p1, p2} are omitted. Reprinted with permission
from [10].
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Therefore the sum of different 2-loop graphs obtained from all pla-
nar binary trees t = t1 ∨ t2 is∑
(t)2∈(Y n)2
(t)2 =
∑
(t1)2∈(Y p)2,t2∈Y q
p+q+1=n
(t1)
2 ∨ t2
+
∑
(t1)1∈(Y p)1,(t2)1∈(Y q)1
p+q+1=n
(t1)
1 ∨ (t2)
1
+
∑
t1∈Y p,(t2)2∈(Y q)2
p+q+1=n
t1 ∨ (t2)
2.(23)
As for the identification of two consecutive leafs in separate branches,
we start again from t1 = (t1)1 ∨ t2 + t1 ∨ (t2)1 to get
(24) t2 = (t1)1⌢∨ t2 + t1⌢∨ (t2)1
The fact that it may not be always possible to contract two leaves
in opposite branches is important to count the dimensions of the vec-
tor spaces k[(Y n)g] generated by graphs with g loops but we will not
consider this.
It is clear that we can continue this procedure and generate graphs
tg ∈ (Y n)g with an increasing number of g loops and k labels (including
the root) up to the consistence of the relation −n = 2− 2g− k. Hence
we have the following proposition:
Proposition 4. The graphs with loops tg ∈ (Y n)g and k labels,
including the root, that are compatible with −n = 2 − 2g − k are ob-
tained from planar binary trees t = t1 ∨ t2 by successive applications of
(i ↔i+1)same branches and (i ↔i+1)opposite branches to all t ∈ Y
n:
∑
(t)g∈(Y n)g
(t)g =
g∑
k=0
∑
(t1)k∈(Y p)k ,(t2)g−k∈(Y q)g−k
p+q+1=n
(
(t1)
k ∨ (t2)
g−k
)
+
g−1∑
k=0
∑
(t1)k∈(Y p)k,(t2)g−k∈(Y q)g−k
p+q+1=n
(
(t1)
g−1−k⌢∨ (t2)
k
)
(25)
Theorem 3. The n order solution W g2−2g+n of the topological re-
cursion in genus g > 0 and k = 2 − 2g + n > 0 variables is given by
(1)∗ (1)∗ · · ·∗ (1), with n factors, followed the identification of pairs of
nearest neighbor leaves producing graphs with loops as in Proposition 4
and finally by summing over all permutations of p1, p2, . . . , p1−2g+n.
Remark 4. After being ungrafted the second term in (25) can still
have leaves in opposite branches identified. In general this happens
if (t)g = (t1)
g1⌢∨ (t2)
g2 with g1 + g2 = g − 1 and say (t1)
g1 has a
decomposition (t1)
g′1⌢∨ (t2)
g′2 with g′1 + g
′
2 = g1 − 1.
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Example 3. See fig. 4.4 for the graph representation of W 21 (p).
+ +
+ +
Figure 4.4. W 21 (p) The root label p is omitted.
Reprinted with permission from [10].
5. The antipode
In a graded connected Hopf Algebra there is a canonical antipode
S whose expression is given by the convolution inverse of the identity:
(26) m (S ⊗ Id)∆ = m (I ⊗ S)∆ = η · ǫ
with m the product, ∆ the co-product, η the unit and ǫ the co-unit.
Explicitly, in the Loday-Ronco Hopf Algebra, we have
(27) S(t) = −t− S(t1) ∗ t2
where in Sweedler notation
(28) ∆t =
∑
t1 ⊗ t2
is the co-product in k[Y ∞] induced by (6). For instance, S(1) = −1
because 1 is primitive and S(12) = (21) and also S(21) = (12). This
suggests that a map ψ∗S induced by the antipode on the vector space
of correlations functions should give
(ψ∗S)(W 04 ) = W
0
4 .
More generally, from S((1)) = −(1) we see that
S((1) ∗ (1) ∗ · · · ∗ (1)) = (−1)n(1) ∗ (1) ∗ · · · ∗ (1)
with n factors in the ∗ product and then
(ψ∗S)(W 0n+2) = (−1)
nW 0n+2.
Since n is identified with the Euler characteristic we see that the in-
duced map respects the grading of k[Y ∞] for g = 0.
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6. Discussion and other topics
This section contains some new material which may not be in a
complete final form.
We would like to give a more direct approach to Topological Re-
cursion in genus 0 in terms of the co-product of the Loday-Ronco Hopf
algebra and analyze the algebraic structure of the space of correlation
functions. We start by recalling that the elementary tree is the same
as the elementary permutation (1) and that this tree is primitive in the
Loday-Ronco Hopf algebra:
(29) ∆ = 1⊗ + ⊗ 1.
Now by Theorem 1 a solution of Topological Recursion of Euler char-
acteristic −n in genus 0 is given by the product of n terms of (1),
modulo the permutations of leaves labels, and since the co-product is
a homomorphism we have that
∆((1)n) = (∆(1))n
= (1⊗ (1) + (1)⊗ 1)n
=
n∑
k=0
Cnk (1)
k ⊗ (1)n−k(30)
where in the powers the Loday-Ronco ∗ product is understood. If we
absorb the factor n! in a normalization of n factors of (1) then the
co-product is
(31) ∆((1)n) =
n∑
k=0
(1)k ⊗ (1)n−k
This is exactly the same situation that appears in the elementary Hopf
algebra k[X ] of polynomials in one variable X over some field k of
characteristic 0. By declaring the variable X to be primitive and nor-
malizing Xn with n! we get
(32) ∆
(
Xn
n!
)
=
n∑
k=0
Xk
k!
⊗
Xn−k
(n− k)!
With the map ψ we can translate this to the language of correlation
functions in genus zero W 0n+2(p, p1, . . . , pn+1) with Euler characteristic
χ = −n:
∆
(
W 0n+2(p, p1, . . . , pn+1)
)
=
n∑
k=0
W 0k+2(p, p1, . . . , pk, q¯)⊗W
0
n−k+2(q¯, pk+1, . . . , pn+1)
+
n∑
k=0
W 0k+2(q, p1, . . . , pk+1)⊗W
0
n−k+2(p, q, pk+2, . . . , pn+1)(33)
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p
W 0k+1(q¯, p1, . . . , pk)q
Figure 6.1. W 0k+2(p, q, p1, . . . , pk)
+
Figure 6.2. Representation of W 04 (p, p1, p2, p3). Root
and leaves labels are not shown.
where a normalization of n! for W 0n+2 is implicit. An explanation for
the extra labels q, q¯ and also for the two sums is in order. Note that the
co-product in (31) just amounts to cut the product of n (1)’s into two
consecutive factors. At the level of trees this amounts to cut a complex
tree into two more elementary trees, where the cut is done along an
internal vertex, giving a tree that contains the original root and a new
leaf just below the cut and another tree that contains a new root just
above the cut and some leaves of the original tree. In this way, every
time a tree is cut along an internal vertex we assign the label q if the new
leaf is left oriented and q¯ if it is right oriented. Moreover the new root
of the second tree is also labeled q and q¯ respectively. That is why it is
necessary to take into account the two decompositions, say a left and a
right one. Hence in our approach the object W 0k+2(p, q, p1, . . . , pk) that
contains simultaneously the root p and an internal leaf label qi (or q¯i) is
an intermediate object between a correlation function and a recursion
kernel in the sense that the internal label does not couple to a cylinder,
see fig. 6.1 As an example take for instance W 04 (p, p1, p2, p3). We get
∆W 04 (p, p1, p2, p3) = 1⊗W
0
4 (p, p1, p2, p3) +W
0
4 (p, p1, p2, p3)⊗ 1+
W 03 (p, p1, q¯)⊗W
0
3 (q¯, p2, p3) +W
0
3 (q, p1, p2)⊗W
0
3 (p, q, p3).(34)
If we look at the two trees in fig. 6.2 we see that only the tree (21) ad-
mits a decomposition like the third term and only the tree (12) admits
a decomposition like the fourth term. Next translatingW 03 (p, p1, q) into
the expression
(35) W 03 (p, p1, q) = Kp(q, q¯)W
0
2 (q¯, p1)
we get the terms of Topological Recursion for W 04 (p, p1, p2, p3). Note
that W 03 (p, p1, q) carries an internal index that results from an internal
cut, so this index does not couple to a cylinder.
Now is easy to see that on one hand the expression (33) gives all the
terms of the first iteration of Topological Recursion in genus 0 forW 0n+2
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and on the other hand that by successive iterations of this co-product
we end up with the complete decomposition of the solution in terms
of recursion kernels. More specifically what we need is the reduced
co-product ∆′ that is equal to the co-product minus the primitive part:
(36) ∆′a = ∆a− 1⊗ a− a⊗ 1
for a generic element a in some Hopf algebra. Note that ∆′(a) = 0 for
a primitive element a, and also by definition ∆′1 = 0. In particular,
(37) ∆′W 03 (p, p1, p2) = 0.
Then we take the iteration ∆′(n):
∆′(1) = ∆′
∆′(2) = (∆′ ⊗ Id)⊗∆′(1)
∆′(n) = (∆′ ⊗ Id)∆′(n−1).(38)
Let us take a product of n terms of (1) and apply ∆′(n−1):
∆′ ((1)n) = (1⊗ (1) + (1)⊗ 1)n − (1)n ⊗ 1− 1⊗ (1)n
=
n−1∑
k=1
(1)k ⊗ (1)n−k;
∆′(2) ((1)n) = (∆′ ⊗ Id)
(
n−1∑
k1=1
(1)k1 ⊗ (1)n−k1
)
=
(
n−1∑
k1=2
k1−1∑
k2=1
(1)k2 ⊗ (1)k1−k2 ⊗ (1)n−k1
)
∆′(n−1) ((1)n) = (1)⊗ (1)⊗ · · · ⊗ (1), n factors.(39)
where we have absorbed the combinatorial factors on a normalization
of (1) factors. However the simplicity of this expression is misleading
because we are ignoring the root and leaves labels. In fact all (1)’s
represent recursion kernels that carry coupled internal indexes.
Now that we have discussed the co-product at the level of corre-
lation functions of genus 0 and not at the level of planar binary trees
and have given the decomposition of Topological Recursion in terms
of recursion kernels using this co-product, we’d better see if there is
a product in the first place. But this is immediately induced by our
solution stated by Theorem 1. Given two correlation functions W 0k+2
and W 0l+2 (here we let fall the map ψ which we implicitly assume)
W 0k+2(p1, . . . , pk+1) = (1) ∗ (1) ∗ · · · ∗ (1), k factors,
W 0l+2(p1, . . . , pl+1) = (1) ∗ (1) ∗ · · · ∗ (1), l factors,(40)
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then their product is
W 0k+2(p, p1, . . . , pk+1) ∗W
0
l+2(p
′, p′1, . . . , p
′
l+1)
= W 0m+2(p, p1, . . . , pm+1) = (1) ∗ (1) ∗ · · · ∗ (1), m = k + l factors
(41)
which is clearly associative, commutative and with the unit W 02 (p, p1).
However we are ignoring the role of the root and leaves labels. It is
possible to generalize this product in order to take into account the
labels. First we consider the product of a cylinder W 02 (p, p1) and a
generic correlation function W 0n+2(p
′, p′1, . . . , p
′
n+1):
W 02 (p, p1) ∗W
0
n+2(p
′, p′1, . . . , p
′
n+1) =W
0
n+2(p
′, p′1, . . . , p
′
n+1) ∗W
0
2 (p, p1)
=W 0n+2(p, p
′
1, . . . , p
′
n+1)(42)
This amounts to make p′ = p1 and replace the root label of W 0n+2 by
p. Next we use the expression (7) for the product of two planar binary
trees in order to get the product of two W 03 :
W 03 (p, p1, p2) ∗W
0
3 (p
′, p′1, p
′
2) =
W 02 (q, p1) ∨ (W
0
2 (q¯, p2) ∗W
0
3 (p
′, p′1, p
′
2)
+ (W 03 (p, p1, p2) ∗W
0
2 (q
′, p′1)) ∨W
0
2 (q¯
′, p′2)
= W 02 (q, p1) ∨W
0
3 (q¯, p
′
1, p
′
2) +W
0
3 (q
′, p1, p2) ∨W
0
2 (q¯
′, p′2)
= Kp(q, q¯)W
0
2 (q, p1)W
0
3 (q¯, p
′
1, p
′
2) +Kp′(q
′, q¯′)W 03 (q
′, p1, p2)W
0
2 (q¯
′, p′2),
(43)
where we have used the decomposition
(44) W 03 (p, p1, p2) = Kp(q, q¯)W
0
2 (q, p1)W
0
2 (q¯, p2)
In the particular case of equal root labels and p′1 = p2, p
′
2 = p3, we get
(45) W 03 (p, p1, p2) ∗W
0
3 (p, p2, p3) = W
0
4 (p, p1, p2, p3).
Note that this product is no longer commutative and is additive on the
Euler characteristic. Finally we define in a similar way the product for
two generic correlation functions of g = 0:
W 0l+2(p, p1, . . . , pl+1) ∗W
0
m+2(p
′, p
′
1 . . . , p
′
m+1) =
δp,p′δpl+1,p′1W
0
k+2(p, p1, . . . , pk+1), k = l +m.(46)
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with the redefinition pl+2 = p
′
2, . . . , pl+m+1 = p
′
m+1. We show that this
product is compatible with Topological Recursion. Start with
W 0l+2(p, p1, . . . , pl+1) =
Kp(q, q¯)
l−1∑
k=0
W 0k+2(q, . . . , pk+1)W
0
l−k+1(q¯, pk+2, . . . , pl+1)
=
∑
t1∈Y p,t2∈Y q ,p+q+1=l
t1 ∨ t2(47)
and similarly for W 0m+2(p, p1, . . . , pm+1). In terms of planar trees and
using (7) we get
W 0l+2(p, p1, . . . , pl+1) ∗W
0
m+2(p
′, p
′
1 . . . , p
′
m+1) =∑
t1∈Y p,t2∈Y q ,p+q+1=l
∑
t
′
1∈Y
p′ ,t
′
2∈Y
q′ ,p′+q′+1=m
t1 ∨ (t2 ∗ t
′) + (t ∗ t
′
1) ∨ t
′
2.(48)
Translating this into correlation functions,
W 0l+2(p, p1, . . . , pl+1) ∗W
0
m+2(p
′, p
′
1 . . . , p
′
m+1) = Kp(q, q¯)×(
l−1∑
k=0
W 0k+2(q, p1, . . . , pk+1)∨(
W 0l−k+1(q¯, pk+2, . . . , pl+1) ∗W
0
m+2(p
′, p
′
1 . . . , p
′
m+1)
))
+Kp′(q
′, q¯′)×(
m−1∑
n=0
(
W 0l+2(p, p1, . . . , pl+1) ∗W
0
n+2(q
′, p
′
1, . . . , p
′
n+1)
)
∨
W 0m−n+1(q¯
′, p
′
n+2, . . . , p
′
m+1)
)
= Kp(q, q¯)×(
l−1∑
k=0
W 0k+2(q, p1, . . . , pk+1)W
0
l+m−k+1(q¯, pk+2, . . . , pl+m+1)
+
m−1∑
n=0
W 0l+n+2(q, p1, . . . , pl+n+1)W
0
m−n+1(q¯, p
′
n+2, . . . , p
′
m+1)
)
= Kp(q, q¯)×(
l−1∑
k=0
W 0k+2(q, p1. . . . , pk+1)W
0
l+m−k+1(q¯, pk+2, . . . , pl+m+1)
+
m+l−1∑
k=l
W 0k+2(q, p1, . . . , pk+1)W
0
l+m−k+1(q¯, p
′
k−l+2, . . . , p
′
m+1)
)
= W 0l+m+2(p, p1, . . . , pl+m+1)(49)
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for p = p′ and with obvious redefinitions of the variables. Therefore we
recover (41) and confirm the fact that the space of correlation functions
has an algebra structure. It is also a bi-algebra as the product and the
co-product are induced by these same structures in the Loday-Ronco
Hopf algebra. The antipode has been discussed in the previous section
so this algebra is indeed a Hopf algebra.
6.1. The Connes-Kreimer Hopf algebra. Here we won’t have
the opportunity to give a detailed exposition of the intricacies of the
Renormalization procedure in Quantum Field Theory [6] and how the
combinatorics of this procedure are well described by Connes-Kreimer
Hopf algebra. A good review can be found in [7]. We just mention
that the space of this Hopf algebra is the vector space generated by
rooted trees over Q, that are graphs with no loops, with a preferred
vertex called the root that has only child edges, and with vertices’s of
any order. These trees are not planar and the product in the algebra
is just disjoint union. For instance, the elementary tree • describes
any Feynman diagram that is divergent but that has no subdivergent
diagrams, that are subdiagrams of a more complex diagram that are by
themselves divergent and whose divergent integral is a function of the
integration variable of the diagram to which they are a part of4. This
situation goes on order-by-order in perturbation theory, or equivalently
in loop order, giving more and more nested subdiagrams and subdiver-
gences. The first example of a nested divergence is the tree
•
•
that
describes any divergent Feynman diagram with a subdivergent diagram
that doesn’t have by itself any subdiagram. Any rooted tree of any or-
der with an arbitrary number of branches can be used to describe some
complicated divergent integrals associated to some Feynman diagrams.
See for instance [3, 4, 5]. Note that a particularly interesting aspect is
the fact that rooted trees in the Connes-Kreimer algebra describe what
are known as One Particle Irreducble (OPI) Feynman diagrams. These
are connected diagrams that represent the Legendre transform of con-
nected correlation functions. Its is well known that in Quantum Field
Theory connected correlation functions are generated by the free en-
ergy F while products of connected correlation functions are generated
by the partition function Z:
(50) Z = expF.
We will come back to this later.
There is a generalization due to Foissy [12] of the Connes-Kreimer
Hopf algebra called the noncommutative Connes-Kreimer Hopf algebra
that considers planar rooted trees. The product is ordered disjoint
union and is no longer commutative as for instance one distinguishes
4We should say in passing that a regularization procedure is necessary to give
a meaning to the manipulation of these integrals and this is tacitly assumed.
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\ =
/ =
Figure 6.3. The \ and / operation on trees.
•
•
•
from
•
•
•. The article [1] describes a nice inductive map φ to
compute the planar binary tree that corresponds to a planar rooted
tree or a planar forest in the noncommutative Connes-Kreimer Hopf
algebra. We need to introduce two operations \ and / on trees t1 and
t2, t1\t2 and t1/t2. The first amounts to graft t2 on the right most leaf
of t1 and the second is the grafting of t1 on the left most leaf of t2,
see fig. 6.3 for a simple example (there are corresponding operations
on permutations that can also be found in [1]). First, φ(∅) = |. Next,
removing the root from a planar rooted tree t gives a planar forest
f = (t1, t2, . . . , tn) with each ti a planar rooted tree and we set φ(t) =
φ(f)/ . Finally for a forest f we do φ(f) = φ(t1)\φ(t2)\...\φ(tn). For
instance, φ(•) = , φ(
•
•
) = φ(•)/φ(•) = (12), φ(••) = φ(•)\φ(•) =
(21).
Now exponentiate the elementary tree (1) multiplied by a constant
g that we would like to see as a coupling constant in some physical
theory:
exp(g ) = 1 + g +
g2
2
∗
+
g3
3!
∗ ∗ + . . .
−→
φ−1
1 + g •+
g2
2
(
•
•
+ ••
)
+
g3
3!


•
•
•
+
•
•
•
+
•
•
•+ •
•
•
+ • • •

+ . . .(51)
We see that the exponential series of generates at some specific or-
der in g all possible divergences in loops of the Connes-Kreimer Hopf
algebra. Remember that this algebra is in correspondence with nested
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divergences of the OPI diagrams, that are connected and have a definite
loop order, and so is directly related with the free energy F . Also the el-
ementary tree • may represent any OPI diagram of any loop order that
does not have subdivergences. On the other hand the Loday-Ronco
algebra seems to generate all divergences in all possible loop orders
compatible with a specific order in the coupling constant g. Hence it
appears to be related with the expansion of the partition function Z in
terms of (not connected) correlation functions of some physical theory.
We would like to clarify this in future work.
6.2. Genus higher than 0. We start with the space of correlation
functions of genus 0 that are solutions of Topological Recursion and
which we denote by Corr. We consider it as the direct sum of spaces
of correlation functions of specific Euler characteristic χ = −n, which
we denote by Corr(n):
(52) Corr =
∞
⊕
n=0
Corr(n)
We have seen already that Corr carries an algebra structure with the
∗ product given by (41). We see it as a classical space and consider its
quantization Corrh to be the space of correlation functions with g > 0.
In the same way we have
(53) Corrh =
∞
⊕
n=0
Corr
(n)
h
Corr
(n)
h
is by definition the free module generated by correlation func-
tions W gk (p, p1, . . . , pk−1) with a fixed Euler characteristic χ = −n and
varying genus g > 0, up to the consistency of the formula χ = 2−2g−k,
over the ring k[[]h]] of formal power series in a parameter h with coeffi-
cients in a field k of characteristic 0. In this way every correlation func-
tion W (n) ∈ Corr(n)
h
admits an expansion in terms of h. For χ = −n
even,
W (n) =W 0n+2(p, p1, . . . , pn+1) + hW
1
n(p, p1, . . . , pn−1)+
· · ·+ hn/2W
n/2
2 (p, p1).(54)
and for χ = −n odd,
W (n) =W 0n+2(p, p1, . . . , pn+1) + hW
1
n(p, p1, . . . , pn−1)+
· · ·+ h(n+1)/2W
(n+1)/2
1 (p).(55)
We would like to describe a procedure of passing from Corr to Corrh
that encodes Topological Recursion for arbitrary genus. Hopefully this
will give some insight to what would be the good direction towards the
quantization of the Loday-Ronco Hopf algebra.
First we obtain the one-loop graph of order one, t1 ∈ (Y 1)1 as a
result of applying a quantization map Q to the tree (1) ∈ Y 1:
(56) Q( ) = .
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We also set Q(|) = 0. As a concrete model we can take the Teichmuller
space of Riemann surfaces, take (1) = as a pair of pants and as the
result of attaching a cylinder to two of the borders of . Now we obtain
by induction the first order quantization of a tree t ∈ Y n, t = t1 ∨ t2:
(57) Q(t) = Q(t1) ∨ t2 + t1 ∨Q(t2) + t1
⌢∨ t2.
By successive applications ofQ we get graphs with more and more loops
starting from a planar binary tree, that correspond to higher order
terms in quantization, up to exhausting the available pairs of leaves.
Hence the operator Q is nilpotent. For instance, the quantization of
= ∨ | is
(58) Q( ) = + .
It is clear that Q2
( )
= 0. We define three more operators QL, QM
and QR:
QL(t) = Q(t1) ∨ t2,(59)
QM(t) = t1
⌢∨ t2,(60)
QR(t) = t1 ∨Q(t2).(61)
We see that
(62) Q(t) = QL(t) +QM(t) +QR(t).
We would like in the future to study more deeply the quantization
operator Q and its derivate operators QL, QM and QR.
Next we define a quantum product of two as a first order expan-
sion in h:
∗h = ∗ + hQ ( ∗ )
= + + h
(
+ + +
)
.(63)
Then we see that
(64) ∗h = ∗ + h
(
2∑
i=1
i↔i+1 ((1) ∗ (1))
)
.
The next step would be to define the product between and . We
do it in a way such that
(65) ∗h = ∗ + h( ∗h + ∗h )
We use the formula (7) to set
∗h = | ∨ +
⌢∨ |
= + .(66)
The formula for ∗h should now be obvious.
Having settled the low order cases we now move to the general case.
We take the product of a graph tg1 ∈ (Y p)g1 with a graph tg2 ∈ (Y q)g2
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in such a way as to give the hg1+g2 contribution to the quantum product
t1 ∗h t2, for t1 ∈ Y p and t2 ∈ Y q the underlying trees of t
g1
1 and t
g2
2 :
(67) t1 ∗h t2 = t1 ∗ t2 + · · ·+ hg1+g2(t
g1
1 ∗h t
g2
2 + t
g2
1 ∗h t
g1
2 ) + . . .
Reversing the argument we see that the quantum product becomes a
sum over the genus of graphs:
(68) t1 ∗h t2 =
(p+q−kmin)/2+1∑
k=0
k∑
l=0
hktl1 ∗h t
k−l
2 , t
l
1 ∈ (Y
p)l, tk−l2 ∈ (Y
q)k−l
where kmin is 1 or 2. By summing over all planar binary trees and the
corresponding graphs with loops we get the corresponding formula for
the quantum product of correlation functions:
W 0m+2 ∗h W
0
n+2 =
(m+n−kmin)/2+1∑
k=0
k∑
l=0
hkW lm+2−2l ∗h W
k−l
n+2−2(k−l)(69)
In terms of correlation functions W (n) ∈ Corr(n)
h
the above examples
give
W (1) = W 03 (p, p1, p2) + hW
1
1 (p)
= + h(70)
W (2) = W 04 (p, p1, p2, p3) + hW
1
2 (p, p1)
= + + h
(
+ + +
)
(71)
Now giving the module Corr(n)
h
the obvious ring structure that consists
in multiplying term by term the expansion in h we have
W (2) = W (1) ·W (1)
= W 03 (p, p1, p2) ∗W
0
3 (p
′, p
′
1, p
′
2)
+ h
(
W 11 (p) ∗h W
0
3 (p
′, p
′
1, p
′
2) +W
0
3 (p, p1, p2) ∗h W
1
1 (p
′)
)
.(72)
This allows to identify the terms in the expansion of W (2):
W 04 (p, p1, p2, p3) = W
0
3 (p, p1, p2) ∗W
0
3 (p, p2, p3)
= Kp(q, q¯)
(
W 03 (q, p1, p2)W
0
2 (q¯, p3) +W
0
2 (q, p1)W
0
3 (q¯, p2, p3)
)
;(73)
W 12 (p, p1) = W
1
1 (p) ∗h W
0
3 (p, p1, p2) +W
0
3 (p, p1, p2) ∗h W
1
1 (p)
= Kp(q, q¯)
(
W 03 (q, q¯, p1) +W
1
1 (q)W
0
2 (q¯, p1) +W
0
2 (q, p1)W
1
1 (q¯)
)
.(74)
where we have used (66) and the corresponding formula for ∗h .
Hence the term-by-term product ofW (1) by itself gives the correspond-
ing terms in the Topological Recursion formula for the components of
W (2).
HOPF ALGEBRAS AND TOPOLOGICAL RECURSION 27
References
1. Marcelo Aguiar and Frank Sottile, Structure of the Loday-Ronco Hopf algebra
of trees, J. Algebra 295 (2006), no. 2, 473–511.
2. Michael F Atiyah, Topological quantum field theory, Publications Mathéma-
tiques de l’IHÉS 68 (1988), 175–186.
3. C. Brouder, Runge-Kutta methods and renormalization, Eur.Phys.J. C12
(2000), 521–534.
4. Christian Brouder, On the trees of quantum fields, Eur.Phys.J. C12 (2000),
535–549.
5. Christian Brouder and Alessandra Frabetti, Qed hopf algebras on planar binary
trees, Journal of Algebra 267 (2003), no. 1, 298 – 322.
6. J.C. Collins, Renormalization: An introduction to renormalization, the renor-
malization group and the operator-product expansion, Cambridge University
Press, 1984.
7. A. Connes and D. Kreimer, Hopf algebras, renormalization and noncommuta-
tive geometry, Quantum field theory: perspective and prospective (Les Houches,
1998), NATO Sci. Ser. C Math. Phys. Sci., vol. 530, Kluwer Acad. Publ., Dor-
drecht, pp. 59–108.
8. P. Di Francesco, Paul H. Ginsparg, and Jean Zinn-Justin, 2-D Gravity and
random matrices, Phys.Rept. 254 (1995), 1–133.
9. Olivia Dumitrescu, Motohico Mulase, Brad Safnuk, and Adam Sorkin, The
spectral curve of the Eynard-Orantin recursion via the Laplace transform, Al-
gebraic and geometric aspects of integrable systems and random matrices, Con-
temp. Math., vol. 593, Amer. Math. Soc., Providence, RI, 2013, pp. 263–315.
10. João N. Esteves, Hopf algebras and topological recursion, Journal of Physics A:
Mathematical and Theoretical 48 (2015), no. 44, 445205.
11. B. Eynard and N. Orantin, Invariants of algebraic curves and topological ex-
pansion, Commun. Number Theory Phys. 1 (2007), no. 2, 347–452.
12. L. Foissy, Les algèbres de Hopf des arbres enracinés décorés. II, Bull. Sci. Math.
126 (2002), no. 4, 249–288.
13. Alessandra Frabetti, Simplicial properties of the set of planar binary trees, J.
Algebraic Combin. 13 (2001), no. 1, 41–65.
14. Jean-Louis Loday and María O. Ronco, Hopf algebra of the planar binary trees,
Adv. Math. 139 (1998), no. 2, 293–309.
